In this paper we study G-arc-transitive graphs D where the permutation group G
Introduction
A graph D is said to be G-vertex-transitive if G is a subgroup of AutðDÞ acting transitively on the vertex set V D of D. Similarly, D is said to be G-arc-transitive if G acts transitively on the arcs of D, that is, on the ordered pairs of adjacent vertices of D. We say that a G-vertex-transitive graph D is G-locally primitive if the stabiliser G x of the vertex x induces a primitive permutation group on the set DðxÞ of vertices adjacent to x. In 1978 Richard Weiss [16] conjectured that for a finite connected G-vertex-transitive, G-locally primitive graph D, the size of G x is bounded above by some function depending only on the valency of D. This conjecture is very similar to the 1967 conjecture of Charles Sims [12] , that for a G-vertex-primitive graph or digraph D, the size of the stabiliser of a vertex is bounded above by some function depending only on the valency of D. Despite the fact that the Sims Conjecture has been proved true in [2] , the truth of the Weiss Conjecture is still unsettled and only partial results are known.
In 1998 Cheryl Praeger [9] made a conjecture stronger than the Weiss conjecture.
Praeger Conjecture. There exists a function f : N ! N such that, if D is a connected G-vertex-transitive, G-locally quasiprimitive graph of valency d and x A V D, then jG x j c f ðdÞ.
From the Weiss Conjecture to the Praeger Conjecture the local action assumption is weakened from primitive to quasiprimitive. (We recall that a permutation group L is quasiprimitive if every non-identity normal subgroup of L is transitive.) Furthermore, recently in [8] the following generalisation of both the Weiss and the Praeger Conjecture was made. (A finite permutation group L is semiprimitive if every normal subgroup of L is either transitive or semiregular. We refer the reader to [1, 5] for the original motivation for introducing and studying the semiprimitive groups, for some interesting examples and for some group theoretic results.)
Conjecture A ( [8] ). There exists a function f : N ! N such that, if D is a connected G-vertex-transitive, G-locally semiprimitive graph of valency d and x A V D, then jG x j c f ðdÞ.
The proof of the Sims Conjecture uses the Classification of Finite Simple Groups and at a crucial stage an important theorem of Thompson [14, Theorem] concerning the structure of the stabiliser of a point in a primitive group. A first generalisation of the theorem of Thompson was obtained by Wielandt [18, Theorem 6:6] . In graph theoretic terminology, the Thompson-Wielandt theorem states that for a G-vertexprimitive digraph D, if ðx; yÞ is an arc of D, then the subgroup of G fixing DðxÞ and DðyÞ point-wise is a p-group for some prime p. This result inspired much research and various generalisations of the so called Thompson-Wielandt theorems have been obtained by many authors [4, 6, 15, 17] .
In this paper we obtain a new Thompson-Wielandt theorem for a very large class of graphs (we refer to Section 1.2 for undefined terminology). Hypothesis 1. Let D be a connected graph and G a group of automorphisms of D. Suppose that for each vertex x of D, the group G DðxÞ x is transitive on DðxÞ and satisfies the following two conditions:
x ÞÞ DðxÞ is transitive or semiregular on DðxÞ; (ii) for each prime p, the group hO p ðG x; y Þ j y A DðxÞi DðxÞ is transitive or semiregular on DðxÞ.
Since for each x A V D the group G DðxÞ x is transitive, we obtain that G acts transitively on the edges of D, that is, D is G-edge-transitive. We stress here that we do not require D to be G-arc-transitive.
The conditions in Hypothesis 1 are satisfied by many important classes of arctransitive graphs. For example, as C G x ðG ½1 x Þ and hO p ðG x; y Þ j y A DðxÞi are normal subgroups of G x , we obtain that if D is G-locally primitive (or quasiprimitive, or semiprimitive), then D and G satisfy Hypothesis 1.
One of the main results of this paper is the following theorem. The following is an immediate corollary of Theorem 2.
Corollary 3. Let D be a connected G-vertex-transitive, G-locally semiprimitive graph and ðx; yÞ an arc of D. Then G ½1
x; y is a p-group for some prime p. Furthermore either F Ã ðG x; y Þ is a p-group or G ½1 x; y ¼ 1.
Theorem 2 and Corollary 3 are already known for G-vertex-transitive, G-locally primitive (respectively quasiprimitive) graphs, see for example [14, Theorem] , [15, Theorem 1:1] and [17, Theorem 1] . Therefore Corollary 3 can be viewed as a natural generalisation of well-established theorems on locally primitive and quasiprimitive graphs to locally semiprimitive graphs.
Furthermore, in the light of Corollary 3 the Praeger and the Weiss conjecture and Conjecture A ask whether the size of the p-group G ½1 x; y is bounded above by some function of the valency of D.
In general, for a connected G-arc-transitive graph and for an arc ðx; yÞ, the group G ½1
x; y is not necessarily a p-group. In this paper, we provide new remarkable examples of G-arc-transitive graphs D where G ½1
x; y has arbitrarily many and arbitrarily large composition factors and furthermore with G being an almost simple group. Indeed, we prove the following theorem. x; y is not bounded by a function of rs.
1.1 Structure of the paper. Section 2 consists of seven technical lemmas whose proofs are obtained by adapting, to the more general context of Hypothesis 1, Lemmas 2:1-2:7 in [15] . Since the paper is short and elementary, we give a full argument although the proofs of our lemmas are essentially as in [15] . The proofs of Theorem 2 and Corollary 3 are in Section 3. Finally, Theorem 4 follows at once from Theorem 14 in Section 4.
1.2 Notation. In this subsection we fix some notation that we use in the rest of the paper. Let D be a finite connected graph and G a group of automorphisms of D. Given a vertex z of D, we denote by DðzÞ the set of vertices adjacent to z, by G z the stabiliser in G of z and (for i d 0) by G ½i z the group fg A G z j y g ¼ y for all y A D with y at distance at most i from zg:
y , that is, the subgroup of G fixing DðxÞ and DðyÞ point-wise.
We denote by F Ã ðGÞ the generalised Fitting subgroup of G, by F ðGÞ the Fitting subgroup of G and by EðGÞ the subgroup generated by the components of G (that is, the subnormal quasisimple subgroups of G). We refer to [13, Chapter 6 §6] for definitions and for basic results on F Ã ðGÞ, F ðGÞ and EðGÞ.
Finally, a permutation group L is semiregular if the identity is the only element of L fixing some point.
Lemmas
Recall that Notation 1.2 is assumed throughout. Proof. Set L ¼ hN; Mi. If x and y are in the same L-orbit, then L acts transitively on the vertices of D. In particular, L x is a core-free subgroup of L and H ¼ 1. If x and y are in distinct L-orbits, then L has exactly two orbits x L and y L on the vertices of D. In particular, L x; y is a core-free subgroup of L and H ¼ 1. r Lemma 6. Let ðx; yÞ be an arc of
x . Then, by [13, Lemma 6.9 (iv)], we have ½K;
x Þ acts non-trivially on DðxÞ.
x Þ. By Hypothesis 1 (i), it follows that N DðxÞ is either transitive or semiregular on DðxÞ. Since K c N, K c G x; y and K G G ½1 x , the group N is not semiregular on DðxÞ. Thence N acts transitively on DðxÞ. Since y is adjacent to x, the group G 
x , then E x is transitive on DðxÞ and, for every r-subgroup R of G ½1 x for a prime r 0 p, the group N G x ðRÞ is transitive on DðxÞ.
Proof. Let y be in DðxÞ. By Hypothesis 1 (ii), the group E x is either transitive or semiregular on DðxÞ. Assume E x semiregular on DðxÞ. Since S x; y is contained in E x and fixes the neighbour y of x, we get that S x; y fixes DðxÞ point-wise and S x;
x , a contradiction. This yields that E x is transitive on DðxÞ.
Since G ½1
x is a normal subgroup of G x; y , we get that
x Þ and N E x ðRÞ acts transitively on DðxÞ. r Lemma 9. Let p be a prime and ðx; yÞ an arc of D.
x; y is a p-group.
Proof. We first prove (i). Assume E x c G ½1
x and E y c G ½1 y . We have
x Þ: 
x . From Lemma 7, we obtain
Hence E x normalises G As F Ã ðG x; y Þ ¼ F ðG x; y Þ, it remains to study the group F ðG x; y Þ. If F ðG x; y Þ is a p-group for some prime p, then there is nothing to prove. Therefore we may assume that there exist two distinct primes p and r with O p ðG x; y Þ; O r ðG x; y Þ 0 1. Consider, for these primes p and r, the groups E p; x , E p; y , E r; x and E r; y . As O p ðG x; y Þ 0 1, by Lemma 9 (i), interchanging x and y if necessary, we may assume that E p; x G G 
The construction
In this section we prove Theorem 4 by exhibiting a very interesting family of arctransitive graphs. Before embarking in this elaborate construction (which generalises the arc-transitive graphs given in [7, Section 5] and in [10, Section 3]) we recall the definition of coset graph (see [11] ). Let G be a group, H a subgroup of G and a A G. The coset digraph D ¼ CosðG; H; aÞ is the digraph with vertex set the right cosets of H in G and with arcs the ordered pairs ðHx; HyÞ such that Hyx À1 H J HaH Now we are ready to introduce the graphs satisfying the statement of Theorem 4. Let R be a transitive permutation group of degree r > 1 acting on the set f0; . . . ; r À 1g, S a transitive permutation group of degree s > 1 acting on the set f0; . . . ; s À 1g, m d 3 an odd integer and W ¼ f0; . . . ; mrs þ r À 2g. Let fX 0 ; . . . ; X m g be the partition of W defined by X j ¼ f jrs; 1 þ jrs; . . . ; ðrs À 1Þ þ jrsg for 0 c j c m À 1; X m ¼ fmrs; 1 þ mrs; . . . ; ðr À 2Þ þ mrsg:
In particular, for j A f0; . . . ; m À 1g, we have jX j j ¼ rs, and jX m j ¼ r À 1. Now, for each j A f0; . . . ; m À 1g, let fY 0; j ; . . . ; Y sÀ1; j g be the partition of X j defined by Y i; j ¼ fir þ jrs; 1 þ ir þ jrs; . . . ; ðr À 1Þ þ ir þ jrsg for 0 c i c s À 1:
In particular, for i A f0; . . . ; s À 1g and j A f0; . . . ; m À 1g, we have jY i; j j ¼ r. Also fY i; j ; X m j 0 c i c s À 1; 0 c j c m À 1g is a partition of W.
For each i A f0; . . . ; s À 1g, j A f0; . . . ; m À 1g and s A R, define the following permutation of SymðWÞ
The permutation x s; i; j has support contained in Y i; j and its action on Y i; j is equivalent to the action of s on f0; . . . ; r À 1g. Write RðY i; j Þ ¼ hx s; i; j j s A Ri:
Clearly, RðY i; j Þ fixes WnY i; j point-wise and the action of RðY i; j Þ on Y i; j is permutation isomorphic to the action of R on f0; . . . ; r À 1g.
Similarly, for each s A R rÀ1 define the following permutation of SymðWÞ
Clearly, RðX m Þ fixes WnX m point-wise and the action of RðX m Þ on X m is permutation isomorphic to the action of R rÀ1 on f0; . . . ; r À 2g.
Note that for each i 1 ; i 2 A f0; . . . ; s À 1g and j 1 ; j 2 A f0; . . . ; m À 1g, the group RðY i 1 ; j 1 Þ centralises RðY i 2 ; j 2 Þ and RðX m Þ. Set
For each t A S define the following permutation of SymðWÞ y t : z þ ir þ jrs 7 ! z þ ði t Þr þ jrs for 0 c z c r À 1; 0 c i c s À 1; 0 c j c m À 1; z þ mrs 7 ! z þ mrs for 0 c z c r À 2:
Write SðWÞ ¼ hx t j t A Si:
Clearly, SðWÞ fixes WnX m point-wise and, for each j A f0; . . . ; m À 1g, SðWÞ fixes X j set-wise. Furthermore, the action of SðWÞ on the partition fY 0; j ; . . . ; Y sÀ1; j g of X j is permutation isomorphic to the action of S on f0; . . . ; s À 1g. This yields that SðWÞ normalises H 0 and, for each j A f0; . . . ; m À 1g, the group hRðY 0; j Þ; . . . ; RðY sÀ1; j Þ; SðWÞi ¼ ðRðY 0; j Þ Â Á Á Á Â RðY sÀ1; j ÞÞ z SðWÞ is isomorphic to R wr S and its action on X j is equivalent to the natural imprimitive action of R wr S on f0; . . . ; rs À 1g. Write
We let S 0 ðWÞ denote the subgroup h y t j t A S 0 i of SðWÞ. Clearly, for each j A f0; . . . ; m À 1g, the group S 0 ðWÞ fixes Y 0; j point-wise and S 0 ðWÞ G S 0 .
Define the following permutation of SymðWÞ a :
for 0 c z c r À 1; 1 c j c m À 2; j odd; z þ jrs 7 ! z þ ð j À 1Þrs for 0 c z c r À 1; 2 c j c m À 1; j even; z þ ir þ jrs 7 ! z þ ir þ ð j þ 1Þrs for 0 c z c r À 1; 1 c i c s À 1;
0 c j c m À 3; j even; z þ ir þ jrs 7 ! z þ ir þ ð j À 1Þrs for 0 c z c r À 1; 1 c i c s À 1;
1 c j c m À 2; j odd; z þ ir þ ðm À 1Þrs 7 ! z þ ir þ ðm À 1Þrs for 0 c z c r À 1; 1 c i c s À 1;
z þ mrs 7 ! z for 0 c z c r À 2: 
Clearly a is an involution of SymðWÞ fixing X mÀ1 nY 0; mÀ1 and r À 1 point-wise, and with
and Y a i; jÀ1 ¼ Y i; j for 1 c i c s À 1; 1 c j c m À 2; j odd:
In particular, a normalises the subgroup
of H 0 , centralises the subgroup S 0 ðWÞ of SðWÞ, and hence normalises the subgroup 
Note that jH : Kj ¼ jSðWÞ : S 0 ðWÞj jRðY 0; 0 Þ : RðY 0; 0 Þ rÀ1 j ¼ jS : S 0 j jR : R rÀ1 j ¼ rs;
that K fixes the point r À 1 of W and that ðr À 1Þ H has size rs. This gives that K is the stabiliser in H of the point r À 1 of W.
Let g A H V H a . We have ðr À 1Þ g A ðr À 1Þ H V ðr À 1Þ H a ¼ fr À 1g and hence g fixes r À 1. Therefore H V H a J K. Since a normalises K, we have K J H V H a and hence H V H a ¼ K is the stabiliser in H of the point r À 1 of W.
In particular, the action of H on the right cosets of H V H a is permutation isomorphic to the action of H on ðr À 1Þ H ¼ X 0 . Therefore the core of H V H a in H is the point-wise stabiliser of X 0 in H, which is clearly L. Finally, as the action of H on X 0 is permutation isomorphic to the imprimitive action of R wr S of degree rs, we have that the action of H=L on the right cosets of ðH V H a Þ=L is permutation isomorphic to the imprimitive action of R wr S of degree rs. Lemma 13. AltðWÞ J hH; ai.
Q sÀ1 i¼0 RðY i; j ÞÞ z SðWÞ J H. The group V fixes X m pointwise. Furthermore X 0 ; . . . ; X mÀ1 are the non-trivial orbits of V . Now we prove two claims from which the lemma will follow. Claim 1. hV ; ai is transitive on W.
Recall that X 0 ; . . . ; X mÀ1 are V -orbits. If j A f0; . . . ; m À 3g is even, then a maps r þ jrs A X j to r þ ð j þ 1Þrs A X jþ1 , and if j A f1; . . . ; m À 2g is odd, then a maps jrs A X j to ð j þ 1Þrs A X jþ1 . Therefore X 0 U Á Á Á U X mÀ1 is contained in the orbit 0 hV ; ai of hV ; ai. Finally, as a maps Y 0 0; 0 J X 0 to X m , we get that hV ; ai is transitive on X 0 U Á Á Á U X m ¼ W. We argue by contradiction and we assume that hV ; ai is imprimitive with a nontrivial system of imprimitivity B. Let o ¼ z þ mrs A X m with 0 c z c r À 2 and B A B with o A B. Assume that there exists j A f0; . . . ; m À 1g with B V X j 0 q.
As o A B V X m and V fixes X m point-wise, we obtain that B v ¼ B for every v A V . Since B V X j 0 q and V acts transitively on X j , we obtain that B contains X j . If B a ¼ B, then B is set-wise fixed by hV ; ai, which by Claim 1 is transitive, and hence B ¼ W, a contradiction. Therefore B a 0 B. Since a fixes the set Y 1; mÀ1 (which is contained in X mÀ1 ) point-wise and fixes the point r À 1 (which lies in X 0 ), and since X j J B, we obtain that j 0 0; m À 1. In particular, 1 c j c m À 2.
Let s A R with z s ¼ r À 1. Note that ax s; 0; 0 a A hV ; ai. If j is odd, then X ax s; 0; 0 a j
Similarly, if j is even, then X ax s; 0; 0 a j ¼ ðY 0; jÀ1 U ðX jþ1 nY 0; jþ1 ÞÞ x s; 0; 0 a ¼ ðY 0; jÀ1 U ðX jþ1 nY 0; jþ1 ÞÞ a ¼ X j :
Therefore ax s; 0; 0 a fixes X j set-wise. As X j J B, we have B ax s; 0; 0 a ¼ B and r À 1 ¼ o ax s; 0; 0 a A B V X 0 , a contradiction. From the previous contradiction we obtain that B V X j ¼ q for every j A f0; . . . ; m À 1g. In particular, every element of B is either contained in X 0 U Á Á Á U X mÀ1 or in X m . Let B 1 ; . . . ; B v be the blocks of B contained in X m . We have X m ¼ B 1 U Á Á Á U B v , r À 1 ¼ vjB 1 j and jB 1 j divides r À 1. Now B a 1 J Y 0; 0 is a block of imprimitivity for RðY 0; 0 Þ on its action on Y 0; 0 . Therefore jB 1 j divides jY 0; 0 j ¼ r and hence jB 1 j ¼ 1, a contradiction. Thus hV ; ai is primitive.
Let G be a permutation group on W. A subset G of W is said to be a Jordan set [3, Section 7:4] for G if jGj > 1 and if there exists a subgroup of G fixing WnG point-wise and acting transitively on G. The 1889 theorem of B. Marggra¤ (see [3, Theorem 7 :4B]) shows that if G is a primitive permutation group on W with a Jordan set G with jGj < n=2, then AltðWÞ J G.
The subgroup RðY 0; 0 Þ of V fixes WnY 0; 0 point-wise and acts transitively on Y 0; 0 . Therefore the set Y 0; 0 is a Jordan set for the primitive group hV ; ai. As 1 < jY 0; 0 j ¼ r < jWj=2, the theorem of Marggra¤ yields that AltðWÞ J hV ; ai. r Proof. As G ¼ hH; ai, D is connected, and since a is an involution, D is undirected. From Lemma 13, AltðWÞ J G J SymðWÞ.
Since D is G-arc-transitive, we may assume that ðx; yÞ ¼ ðH; HaÞ. From Lemma 12, D has valency rs, G DðxÞ x G R wr S in its imprimitive action of degree rs and (using the notation in the statement of Lemma 12) and the theorem is proved. r
